In this work we study electron side-injection and trapping in the blow-out regime in deep plasma channels. We analyze the maximum angle of injection, for which at least 90% of the injected electrons are trapped. We discuss the dependence of this angle on the electrons' initial energy and their injection positions. In the scope of a semi-analytical blow-out model we show that the injection position is a less critical factor for trapping if electrons are injected into deep plasma channels. PIC simulations and analytical approximations support our results from the semi-analytical model.
I. INTRODUCTION
Plasma-based electron acceleration methods take advantage of wakefield excitation by either a relativistic electron bunch for plasma wakefield acceleration (PWFA) [1, 2] or an intense laser pulse for laser wakefield acceleration (LWFA) [3] . In both cases the longitudinal electric wakefield gradient is in the order of 100 GV/m, which is orders of magnitudes higher than in conventional accelerators [4, 5] . If the laser pulse intensity reaches a certain threshold value, the wakefield breaks and a solitary electronic cavity, called the bubble, is formed [6] [7] [8] .
It is a nearly spherical region with uniform accelerating fields that propagates with almost speed of light c [9] . A similar structure can be created, if a dense relativistic electron beam excites a so called "blow-out" [10, 11] . In both cases the expelled electrons gather in a thin sheath on the border of the cavity, while those electrons, which become trapped inside the wakefield, form a dense witness bunch -the so called beam load.
The major feature, that characterizes the bubble and the blow-out regime, is the quasi-monoenergetic energy spectrum of the fast electrons inside the beam load. However, if the total charge of the beam load exceeds a certain threshold, the plasma cavity structure is reshaped and the effective accelerating field is modified. This in turn affects final beam properties like maximum energy, energy spread and transverse emittance [8, [12] [13] [14] . As a consequence, it is necessary to find a beam loading technique which gives maximum control over injection parameters like total charge, initial momenta and initial positions inside the wakefield. An especially effective method is the lateral or on-axis injection of pre-accelerated electron bunches.
When using the on-axis injection technique, the driver and the electron bunch propagate on the same axis. In the case of an intense laser driver this may lead to bunch scattering if the laser pulse passes through the electron bunch in vacuum. The resulting limitation of the number of trapped particles then would lower the quality of the accelerated bunch. To bring this problem under control, the side injection method has been proposed [15] and applied to proton-driven wakefields [16] already.
In this work, we consider side injection of preaccelerated electron bunches into a blow-out at a small angle ϑ (see Fig.1 ). We study the dependence of the critical injection angle ϑ crit , for which at least 90% of the injected particles are trapped, on the injection position, the initial electron energy and the radial plasma density profile in a deep channel. Our work is done in the scope of a semi-analytical blow-out model and compared to analytical approximations and particle-in-cell simulations. We show that external injection into blow-outs is less critical in deep channels than in homogeneous plasma. A comparison of our results from analytical predictions to test particle simulations in a quasi-static blow-out model and to PIC simulations indicates that in homogeneous plasma it is favorable to inject electron bunches on-axis while in channeled plasma it is possible to trap bunches which have been injected off-axis. However, this advantage is compensated by the need for a higher initial focussing of the injected electron beam.
In section II we present the semi-analytical model and derive the equations which are solved numerically in section IV. In III we derive an analytical description of ϑ crit which is compared to test particle simulations in section IV. A further comparison to simulations with the fully electromagnetic version of the three-dimensional PIC code VLPL [30, 31] is given in section V.
II. THE ANALYTICAL MODEL
Besides analytical and semi-analytical bubble and blow-out models for homogeneous plasma [17] [18] [19] [20] [21] [22] [23] [24] , there are also more general models for channeled plasmas [12, [25] [26] [27] describing the blow-out envelope and the fields in terms of the radial distance to the symmetry axis r b in a moving frame of reference. In this frame all fields and sources are quasi-static, which means that they depend on ξ = ct − z solely. In the following we normalize coordinates to the inverse electron wave number k the electron density n e (r) and the ion density ρ ion are normalized. After this transformation we further take the cylindrical symmetry of the system into account and write the fields within a blow-out (r ≤ r b ) for the case of a large blow-out [25] 
Here, s ib = s i (r b ) and S Ib = S I (r b ) are abbreviations for the negative ion density s i (r) = −ρ ion (r) and its weighted integral S I (r) = r 0 s i (r )r dr . The function r b (ξ) can be calculated from the differential equation
where
J z (ξ, r )r dr is the weighted integral of the longitudinal current density created by electron bunches within the blow-out. In figure 1 the solution to this equation is shown for ρ ion ∝ r 2 . The red line is the trajectory of a test particle starting with initial momentum p 0 = p r e r + p || e z inside the witness bunch (small red cloud). The surrounding electron sheath is indicated by a black layer. In this figure the driving electron bunch (large red cloud) moves along the negative ξ-axis.
The ODE (3) is valid in the relativistic approximation
where ∆ is the thickness of the sheath and M 0 (x) = ∞ x g(y) dy is the zeroth moment of an arbitrary function g(y) describing the shape of the boundary [28] . In our present work we follow [25, 29] , where g(y) = Θ(1 − y) was used to model a rectangular shaped layer profile by the Heaviside step-function Θ(x). With this model for the electron layer we follow the argumentation of Golovanov et al. [26] and strongly simplify the fields inside the sheath by a lowest-order perturbation theory with respect to .
In general, the first order wakefield potential for r > r b can be expressed as
with ζ = (r − r b )/r b and thus
for r > r b . This result is equivalent to Golovanov et al. [26] , where an exponentially decaying sheath source was assumed. The other two field components are
and
To calculate the plasma return current J s (ξ) we follow the sheath model presented in [25] and see that it is connected to the wakefield potential by Ampere's circuit law
If we decide that the surface P is the transverse plane with the unit normal vectorn = e z , integrating over the whole plane gives
We know that Ψ and J z vanish outside the surface and we know that
J z r dr = −Λ(ξ) connects the sheath current to the wakefield potential. Thus
and the plasma return current can be written as
Using the Lorenz gauge, the normalized Poisson equations and equation (12) for r b < r < r b + ∆, we get
At our level of precision
and the last two terms in equation (13) vanish so that
Finally, with ∂ r Ψ = −(ζ − )S Ib /( r b ), the radial component of the electric field can be expressed as
The fields in (2) for r ≤ r b and the fields in (6), (15) and (16) for r > r b are the base for our blow-out model. In section IV we will solve the equations of motion of a test particle in these fields to find the maximum injection angle in dependence of the particle's position, the particle's initial energy, the blow-out radius and the plasma density profile. In the following section we derive an approximation for the maximum injection angle assuming a spherical blow-out shape. A comparison between predictions of this approximation to simulations from section IV and PIC simulations is given in section V.
III. ESTIMATION OF THE MAXIMUM INJECTION ANGLE
In the following we estimate a trapping condition for test particles with initial radial momentum p r,0 , initial parallel momentum p ||,0 p r,0 1, and initial position (ξ 0 , 0) in terms of the angle of injection ϑ crit = arctan(p r,0 /p ||,0 ). We derive a closed formula for the critical angle ϑ crit = max ϑ which barely allows for trapping of a test electron.
For simplicity we assume that trapping occurs during a characteristic time which is approximately the first quarter oscillation. In this time a particle reaches its maximal distance to the symmetry axis r max and has traveled a certain distance ∆ξ on the ξ-axis. In our analysis we assume that the blow-out is a perfect circle with radius R so that the simplest trapping condition is
The kinetic energy of the particle changes adiabatically slow during the first quarter oscillation. Thus we conclude that radial momentum is completely transferred into parallel momentum during the same time.
To calculate r max we solve the equations of motion for a test particle within the blow-out. For a circular shaped electron sheath, in cylindrical coordinates and in a comoving frame of reference they arė
with E z = ξ/2 and E r = −B ϕ = r/4 (also compare [9, 17] ). Solving the radial motion for p /γ ≈ 1 we find r = −r/(2γ), which describes the betatron motion of an electron with frequency ω = 1/ √ 2γ. Using the boundary conditions r(t = 0) = 0 andṙ(t = 0) = p r,0 /γ the betatron motion in the first quarter can be approximated by
which shows that the test particle reaches its maximum distance to the symmetry axis r max = 2/γ p r,0 at time
To calculate how far the particle has moved on the ξ-axis during the time t max , we solve the equations of motion for ξ. Since p ||,0 p r,0 1 and γ changes adiabatically slow during the first quarter of the first betatron oscillation, the equations of motion (18) can be combined toξ
Eq. (19) and the boundary condition ξ(t = 0) = ξ 0 then yield
is the incomplete elliptic integral of the second kind. If we substitute t = t max in Eq.(21) E becomes a complete elliptic integral and we can make use of the relation E(−m) = √ 1 + mE(m/(1 + m)) so that
with 
and a formula for the initial radial momentum p r,0 can be calculated from the trapping condition (17). Since we assumed that p r,0 p ||,0 , we take only terms up to second order in p r,0 /γ into account so that
With Eq. (26) it is possible to express the critical angle in terms of the initial position of a test electron inside a spherical blow-out as
In figure 2 we compare this strongly simplified trapping condition to numerical solutions of the equations of motion (18) for a blow-out with an electron sheath calculated from Eq.(3). For our simulations we assumed the fields (2) for r ≤ r b , as well as (6), (15) and (16) for r > r b . The initial positions of the test electrons are located on axis (r 0 = 0) in the accelerating blow-out phase. As figure 2 shows, both results are in good agreement as long as the blow-out can be approximated by a sphere i.e. near the blow-out center. In the rear part, i.e. for large ξ, strong deviations occur due to the non-spherical form of the electron sheath.
IV. SIMULATIONS OF TEST PARTICLES
In the end of the last chapter we compared an analytical estimation of the critical injection angle ϑ crit to numerical simulations for the special case of electrons which are initially located on the symmetry axis of the blowout. In this section we study the dependence of ϑ crit on the initial positions in the whole blow-out, on the initial electron energy and on the plasma density profile systematically. We discuss results from numerical simulations solving the equations of motion (18) for a blow-out with an electron sheath calculated from Eq.(3). For our simulations we consider the blow-out model introduced in section II, where the fields in (2) belong to the inner wakefield (r ≤ r b ) and those in (6), (15) and (16) determine the electron motion inside the surrounding sheath with thickness ∆ which is approximately 1% of the maximum blow-out radius r b,max . To calculate the integral current Λ(ξ) we assumed a cylinder symmetric electron driver with parabolic density profile
and n b,0 = 8.8, σ r = 4.8, as well as σ ξ = 7.2. The shift ξ d is chosen such that r b (ξ = 0) = r b,max . The ion density of the background plasma is modeled in polynomial form
where α is chosen such that the plasma density at distance r b,max from the symmetry axis is approximately 1.
For our simulations we subdivide the accelerating part of the blow-out into small boxes (see Fig.3a and Fig.3b) , each containing 2000 non-interacting test electrons. The largest angle which allows for trapping of at least 90 % of the particles inside a box defines the critical injection angle for that particular box and can be compared to the analytical prediction from Eq. (27) . In figures 3a and 3b the box colors indicate the value of ϑ crit which is high in the wakefield center (red boxes) and low near the border (blue boxes). The numbered ellipses mark injection positions of bunches we simulated with PIC. They are discussed in the following section.
For homogeneous plasma (ρ ion = 1) Fig.3a shows that the inner critical injection angles are twice as large as the outer ones but are still in a linear regime, i.e. in a range where tan(ϑ crit ) ≈ ϑ crit . Since ϑ crit is maximal in the center of the blow-out and declines radially, it is favorable to inject pre-accelerated electron bunches on-axis into blow-outs in homogeneous plasma. For a blow-out in a channeled plasma with ρ ion ∝ r 2 Fig.3b shows a slightly different result. As can be seen ϑ crit reaches its maximum in a much wider range in the central part of the wake. As a consequence, the distance to the symmetry axis is less important for trapping than in homogeneous plasmas. However, the color scaling in Fig.3a and Fig.3b Figure 3: Blow-out (gray sphere) driven by a dense particle bunch (ellipse on the left-hand side) and subdivision of the accelerating phase into boxes for a) homogeneous plasma and b) channeled plasma with ρ ion ∝ r 2 . The color of a box represents the critical angle of injection for which at least 90% of all electrons could be trapped. Numbered ellipses on the right-hand side mark injection positions of pre-accelerated electron bunches we simulated in PIC.
shows that the maximum of ϑ crit is 25% less for channeled plasmas then for homogeneous plasmas. This is important because the possibility to trap bunches which have been injected off-axis in channeled plasma is compensated by the need for a higher initial focussing.
In the next section we compare results from PIC simulations to the analytical predictions from section III and the results from test particle simulations presented in this section.
V. COMPARISON TO PIC SIMULATIONS
Our PIC simulations are carried out using the fully electromagnetic version of the three-dimensional PIC code VLPL [30, 31] . An exemplary simulation in a channeled plasma with parabolic density profile ρ ion ∝ r 2 is shown in Fig.4 . Here, the longitudinal electric field E z , the density of the injected electron bunch n b and the electron plasma density n e are shown. Both the injected and the driving bunch are modeled by the parabolic density profile (28) . For the driver n b,0 is chosen such that its total charge is 1.7nC for σ r = 0.8λ p and σ ξ = 1.2λ p . The injected electron bunch has a lower total charge of 10pC and a smaller spatial extension of σ r = 0.3λ p and σ ξ = 0.6λ p . The electrons inside the driver have an energy of E d = 5 GeV each, while the witness bunch consists of preaccelerated electrons with an initial energy of E w = 500 MeV. The injection angle tan(ϑ) = p r /p || ≈ 0.08 is large enough to cause large amplitude betatron oscillations of the injected beam and is small enough to trap 99.8 % of the pre-accelerated electrons.
Other PIC simulations were performed for different initial energies of injected electrons, ranging from 50 MeV to 5 GeV. The initial witness bunch positions relative to the driver are labeled by the numbered positions in Fig.3a and 3b . In both simulation series positions I and II are chosen such that the center of mass of the witness bunch is located on the blow-out symmetry axis. For homogeneous plasma (Fig.3a) the center of mass in position III has the same ξ-coordinate as in I and an additional radial shift close to the electron sheath. For the channeled plasma (Fig.3b) the center of mass in positions III and IV have the same ξ-coordinates as in I and II respectively. Similar to simulations for homogeneous plasma both bunches are radially shifted close to the electron sheath. To compare the critical injection angles observed in PIC simulations to those discussed in section IV and to analytical predictions from Eq.27, we plot these information into one cumulative diagram. The result for homogeneous background plasma is presented in Fig. 5a whereas Fig. 5b is an evaluation for parabolically channeled plasma. In both diagrams tan(ϑ crit ) is plotted versus the initial energy of injected electrons. The blue (solid) line in Fig. 5a belongs to the analytical prediction from formula Eq. (27) for position I while the red (dashed) line belongs to the analytical prediction for position II. The Semi-markers are interpolated values for tan(ϑ crit ) from test particle simulations we discussed in the previous section. A comparison to the analytical predictions shows that those markers representing simulations in homogeneous plasma with initial positions near the symmetry axis cover the predictions for all energies while the other markers representing simulations with initial electron positions near the blow-out border are positioned well below the lines. In contrast to that we observe that the Semi-markers for test particle simulations in channeled plasma are much closer. This circumstance coincides with the discussion of Fig. 3a and 3b in the previous section so that we conclude that injection of pre-accelerated electron bunches into a blow-out in homogeneous plasma should be done preferably near the symmetry axis. In channeled plasma small deviations in radial direction are possible as long as the injected bunch is well focused.
The critical angles we observe in PIC simulations are represented by enclosed markers in Fig. 5a and Fig. 5b . In both figures we clearly see that the markers are close to the analytical predictions and the test particle simulations. This indicates that external injection of preaccelerated electron bunches on-axis and near the bubble center is a promising method for both homogeneous and channeled plasma. For on-axis injection near the bubble back the markers in Fig. 5b show a similar agreement to the simplified bubble model. In contrast to that the markers in Fig. 5a are placed well below the predictions of the simplified models but still in the same order. From this we conclude that the trapping process for on-axis injection can be modeled by simplified models quite well and that there is not much difference for this kind of injection between deep plasma channels and homogeneous plasmas.
For an off-axis injection of pre-accelerated electron beams (see PIC II and PIC III markers) our PIC simulations confirm what we already observed: In homogeneous plasma it is favorable to inject on-axis while in channeled plasma with ρ ion ∝ r 2 the distance to the symmetry axis is less important for trapping. However, the possibility to trap bunches which have been injected off-axis in channeled plasma is compensated by the need for a higher initial focussing of the witness beam.
VI. CONCLUSION
In this work we study electron side injection into a blow-out in homogeneous and channeled plasma. We discuss the critical injection angle ϑ crit for which at least 90% of the injected particles are trapped and show that external injection into blow-outs is less critical in deep channels than in homogeneous plasma. A comparison of our results from analytical predictions to test particle simulations in a quasi-static blow-out model and to PIC simulations shows that in homogeneous plasma it is favorable to inject on-axis while in channeled plasma it is possible to trap bunches which have been injected off-axis. However, this advantage is compensated by the need for a higher initial focussing of the injected electron beam.
